Closed-form and asymptotic solutions are derived for the steady, fully-developed hydromagnetic free and forced convection flow in a rotating horizontal parallel-plate channel under the action of an inclined magnetic field and constant pressure gradient along the longitudinal axis of the channel. The magnetic field is strong enough to generate Hall current effects and the magnetic Reynolds number of sufficient magnitude that induced magnetic field effects are also present. Secondary flow is present owing to the Hall current effect. The channel plates are also taken to be electrically-conducting. The conservation equations are formulated in an (x, y, z) coordinate system and non-dimensionalized using appropriate transformations. The resulting non-dimensional coupled ordinary differential equations for primary and secondary velocity components and primary and secondary induced magnetic field components and transformed boundary conditions are shown to be controlled by the dimensionless pressure gradient parameter (p x ), Hartmann number (M 2 ), Grashof number (G), Hall current parameter (m), rotational parameter (K 2 ), magnetic field inclination (θ), and the electrical conductance ratios of the upper (φ 1 ) and lower (φ 2 ) plates. Solutions are derived using the method of complex variables. Asymptotic solutions are also presented for very high rotation parameter and Hartmann number of order equal to unity, for which Ekman-Hartmann boundary layers are identified at the plates. A parametric study of the evolution of velocity and induced magnetic field distributions is undertaken. It is shown that generally increasing Hall current effect (m) serves to accentuate the secondary (cross) flow but oppose the primary flow. An increase in rotational parameter (K 2 ) is also found to counteract primary flow intensity. An elevation in the Grashof number i.e. free convection parameter (G) is shown to aid the secondary induced magnetic field component (H z ); however there is a decrease in magnitudes of the primary induced magnetic field component (H x ) with increasing Grashof number. Increasing inclination of the applied magnetic field (θ, is also found to oppose the primary flow (u 1 ) but conversely to strongly assist the secondary flow (w 1 ). Both critical primary (G cx ) and secondary (G cz ) Grashof numbers are shown to be reduced with increasing inclination of the magnetic field (θ), increasing Hall parameter (m) and rotational parameter (K 2 ). Applications of the study arise in rotating MHD induction power generators and also astrophysical flows.
Introduction
Magnetohydrodynamic (MHD) convection flows constitute a major field of interest in many areas of engineering and the physical sciences. Both translational and rotational flows are of significance in various aspects of astronautical propulsion [1, 2] , nuclear energy systems [3, 4] , electro-chemical engineering [5] , astrophysics [6] , plasma physics [7, 8] , magneto-lubrication [9, 10] and geophysics [11] . Numerous complex phenomena have been addressed for a diverse range of geometries including Hall currents [12] , three-dimensional flow [13] , wall-conductance effects [14] and impulsive motion [15] . Rotational hydromagnetic flows in particular have attracted considerable attention in the context of MHD energy systems operations and magnetic materials processing. Many techniques have also been employed to render solutions to these boundary-value problems. Takhar et al. [16] obtained numerical solutions for the transient Von Karman swirling magnetohydrodynamic flow from a spinning disk. Bestman and Adjepong [17] studied buoyancyinduced transient compressible rotating MHD convection from a vertical plate with thermal radiation present, using asymptotic methods. Kumari et al. [18] investigated the unsteady vortex magneto-hydrodynamic flow at a stagnation point numerically. Ram and Takhar [19] used a complex variables to study the natural convection rotating hydromagnetic flow from a plate with Hall currents and ionslip effects. Takhar et al. [20] examined Strouhal and Hartmann number and Hall current parameter effects on transient dusty hydromagnetic flow in a rotating channel. Singh et al. [21] obtained exact solutions for rotating Hartmann-Couette hydromagnetic flow in a parallel plate channel with one of the plates has been set into uniformly accelerated motion. They found that the primary velocity is enhanced with magnetic field i.e. Hartmann number, but reduced with rotation, with the converse response computed for the secondary velocity. Ghosh and Bhattacharjee [22] further studied hydromagnetic convection flows in rotating channels, again presenting closed-form solutions for the effects of rotation parameter and Hartmann number. Asymmetrical wall heating effects on hydromagnetic translational channel flow were considered by Ghosh and Nandi [23] . Vempaty and Satyamurty [24] analyzed the effects of Elsasser magnetic number on hydromagnetic rotating flow in a region bounded by three electrically insulating rigid walls for both antisymmetric and symmetric cases, obtaining analytical solutions for both the transition field regime and strong magnetic field regime. They showed that a separate magnetic boundary layer does not exist, contrary to the case when the rotation vector and applied magnetic field are aligned. They also found that the transition field regime is characterized by the Stewartson double layer boundary layer structure although the outer Stewartson layer is weak and also sub-boundary layers with an axial scale equal to the corresponding boundary layer scale develop at specific locations. Chakraborti et al. [25] studied the rotating hydromagnetic viscous flow and heat transfer past a porous plate rotating with a uniform angular velocity about an axis normal to the plate but with the fluid at infinity rotating with the same angular velocity about a noncoincident parallel axis. They found that a uniform magnetic field applied parallel to the axis of rotation reduces the boundary-layer thickness with an increase in either the plate suction or magnetic parameter, and temperature increases with increasing magnetic field, but decreases with suction. Bég et al. [26] used the implicit Blottner difference method to study hydromagnetic convection boundary layer flow from a spinning sphere with impulsive effects. Further studies using finite element, Laplace transform and network simulation methods on rotating magnetohydrodynamic convection flow have been presented respectively by Naroua et al. [27] , Ghosh et al. [28] and Bég et al. [29] . In MHD generator systems the confining walls may exert a considerable role on the flow dynamics and heat transfer processes. Guria et al. [30] therefore analyzed the influence of wall conductance on hydromagnetic channel flows under asymmetric heating boundary conditions. The above studies all considered the applied magnetic field to be either aligned with the flow or transverse to the principal flow direction. However in actual practical systems, the magnetic field may be inclined. Inclination can exert a substantial role on the performance of MHD generator systems. Seth and Ghosh [31] obtained exact solutions for the transient MHD flow in a rotating channel with periodic pressure gradient and a uniform magnetic field inclined with the axis of rotation. They found using asymptotic analysis that for large Hartmann, rotation or oscillation frequency values, the flow is demarcated into two distinct regimes, namely a boundary layer region and a central core region. With large rotation and frequency, flow reversal in the direction of the pressure gradient are generated. Ghosh [32] further studied inclined magnetic field effects on both steady and unsteady hydromagnetic flow with pressure gradient for slowly rotating systems with low frequency of oscillation with low conductivity and weak applied magnetic field. Further studies of magnetic field inclination on hydromagnetic rotating flows were subsequently presented by Ghosh and Bhattacharjee [33] and Pop et al. [34] , the latter considering Hall currents. Bég et al. [35] studied the effects of porous drag on rotating MHD flow in a channel under an inclined magnetic field. Bég et al. [36] used the Sparrow-Quack-Boerner local nonsimilarity method to study numerically magnetic Prandtl number effects on two-dimensional, steady forced convection MHD boundary layers, discussing in detail the evolution of the induced magnetic field, temperature and velocity profiles. Ghosh et al. [37] also investigate analytically the magnetohydrodynamic natural convection boundary layer and Rayleigh flow with magnetic induction. In the present study we study the induced magnetic field and velocity distributions in a rotating two-dimensional channel system under an inclined magnetic field with Hall current effects. Using complex variables, exact solutions are derived for the non-dimensionalized flow and magnetic induction equations, subject to prescribed boundary conditions at the plates. We examine in detail the influence of Hartmann number (M 2 ), Grashof number (G), Hall current parameter (m), rotational parameter (K 2 ), magnetic field inclination (θ) on primary and secondary velocity and induced magnetic field component distributions. Furthermore we present detailed asymptotic solutions for very high rotation parameter and Hartmann number of order equal to unity, for which Ekman-Hartmann boundary layers are shown to form at the plates. The results are tabulated and presented graphically. We also consider for the first time the variation of the critical Grashof number for both the primary (G cx ) and secondary flow (G cz ) fields. G cx is minimized with strong rotation and for the case of an applied magnetic field aligned with the positive x-direction (θ =π/2). G cx is also reduced both with a rise in Hall current parameter (m). A similar trend is observed for G cz which is also shown to be reduced with an increase in inclination, Hall parameter (m) and also rotation (K 2 ). The present study reveals new interesting observations for hydromagnetic phenomena in rotating channels and has thus far not appeared in the scientific literature. The results are relevant to rotating MHD induction energy devices.
Mathematical Model
We consider the steady, fully developed magnetohydrodynamic flow of a viscous, incompressible, electrically-conducting Newtonian fluid between parallel plates under the action of a constant pressure gradient, in an (x', y', z') coordinate system. The system rotates with uniform angular velocity, Ω, about the y' axis perpendicular to the plane of the flows (x'-z'), in the presence of a uniform magnetic field, H 0 , which is inclined with the positive direction of the axis of rotation in the x'-y' plane. The regime is illustrated in Fig. 1 below. Both the fluid and the channel rotate in unison as a rigid body with the same constant angular velocity of rotation. The channel plates are both electrically-conducting with conductivities σ 1 (upper plate) and σ 2 (lower plate). The applied magnetic field, H o , is strong enough to generate Hall current effects, as discussed by Sato [12] and a secondary flow is thereby mobilized in the regime. Magnetic Reynolds number is also of sufficient magnitude that magnetic induction effects become important. Since the plates are infinite along the x and z directions, all physical quantities with the exception of pressure will be functions of the independent variable, y, only. Following Cramer and Pai [38] and Shercliff [39] , we take the following vectorial field definitions:
( )
where q, H, E, J are, respectively, the velocity vector, the induced magnetic field vector, the electric field vector and the current density vector. The equations of motion with buoyancy incorporated, for the flow in a rotating frame of reference may be presented as follows:
Ohm's law for a moving conductor incorporating Hall current takes the form:
where ρ is the fluid density, ν is kinematic viscosity, e µ is the magnetic permeability, p is pressure, σ is fluid electrical conductivity, e ω is the cyclotron frequency, e τ is the electron collision time, β is the coefficient of volume expansion, T is fluid temperature, 0 T is the temperature in the reference state, 0 H is the applied magnetic flux density and k is the unit vector directed along the y-axis (rotation axis). 
Assuming uniform axial temperature variation along the plates of the channel, the temperature of the fluid can be written as:
where N denotes the uniform temperature gradient at the plate and the other terms have been defined earlier. ( )
Using (10) and (11) and integrating Equation (6) we obtain: 
Now using (12) , Equation (4) (13), (7), (8) and (9) may further be simplified by casting into non-dimensional form which leads to:
where
is the dimensionless distance along the rotational axis, 1 (19) indicates that the induced magnetic field depends on the individual values of the conductance ratios, 1 φ and 2 φ Since the plates are electrically conducting, following Mazumder [14] , the following condition is satisfied:
Complex Variable Solutions
Equations (14) to (17) under conditions (18) and (19(a), (b)) constitutes a two-point ordinary differential equation boundary value problem. The linearity of the equations permits a complex variable solution which is now described. Introducing the complex variables:
Using (21), Equations (14) to (17) reduce to the following pair of coupled, linear ordinary differential equations:
The transformed boundary conditions become:
The generalized boundary conditions for the induced magnetic field take the form:
Combining Equations (22) and (23) together with the boundary conditions (24) and (25(a), (b)), the solutions for the velocity and induced magnetic field distributions can be rendered as the following: 
The solutions (26) and (27) are valid for non-conducting plates with reference to (20) . Equations (22) and (23) can be solved with the help of boundary conditions (24) and (25) . This leads to the generation of the following expressions in which 1 d 
Special Cases

I) Forced Convection
In the absence of buoyancy forces (G → 0) the solutions (26) and (27) 
Shear Stress Distributions
Let us now consider the important flow quantities from an engineering design point. The shear stress at the upper and lower plates can be derived by taking the first gradient of the velocity function, F, viz.: From (36) and (37) it is evident that the shear stresses due to the primary and secondary flows vanish neither on the upper plate or the lower plate. There will therefore not be any flow reversal i.e. backflow generated for G = 0 when the plates are assumed non-conducting. These shear stresses are however strongly affected by rotation ( 2 K ), Hall current ( m ), and the inclination of the magnetic field ( θ ). The shear stress due to the primary flow, however, will vanish at the lower plate (η = -1) when the following condition prevails: 
Similarly the shear stress due to the secondary flow will vanish at the lower plate (η = -1) when the following condition is attained: 
The critical Grashof number given by Equations (43) and (44) will be equivalent to numerically to those given by Equations (38) and (40) . We also note that the magnetic boundary conditions (25) [8] very rapid rotation will therefore occur i.e. this is extreme end of operating conditions. At the upper plate, 1 η = , using 1 ξη =−, from (26) and (27) (46) to (49) with the inclusion of (50a,b) to (56) reveals that there exists a thin boundary layer of thickness O(α) which we indentify as the Ekman-Hartmann boundary layer. Clearly the boundary layer thickness is dependent on the rotation, Hall current and the inclination angle of the applied magnetic field but independent of the Hartmann number. Conversely the boundary layer thickness is independent of the Hall current and Hartmann number for the case of a longitudinally applied magnetic field for which θ= π/2. For this special case the boundary layer thickness will be a function solely of the rotation parameter. The exponential terms in Equations (46) . For this scenario we have 
and Hartmann number (M ) due to the magnetic field inclination (θ ); however the secondary flow exhibits buoyancy effects with the variation in the width of the channel (i.e. plate separation). The flow persists in the direction of the longitudinal pressure gradient. The primary and secondary induced magnetic field components, H x and H z , as defined by (59) and (60) are clearly affected by the rotation, Hall current, and Hartmann number and depend on channel width. The Grashof number clearly appears as a numerator in both (59) and (60); the coefficient is however negative so that buoyancy force therefore will inhibit magnetic induction. We also note that the induced magnetic field components will change direction while passing through the central section of the channel ( 0 η = ) for 0 G ≠ (free convection). 0 G > will correspond to cooling of the plates by free convection currents and 0 G < to heating of the plates. Inspection of (57) and (58) shows that while both primary velocity and secondary velocity are influenced by the angle of inclination of the magnetic field, only the latter is affected by buoyancy, via the
Of course the complex nature of the functions 13 XX L and 13 YY L necessitates much more detailed analysis to reveal the exact influence of the physical parameters on the magnetofluid dynamic behaviour, which we shall now discuss.
Results and Discussion
In Figures 1 to 11 we have presented computations for the variation of primary and secondary velocity components ( 11 , uw ) and primary and secondary induced magnetic field components ( , Figure 2(a) indicates that primary velocity is generally positive in the lower half of the channel (i.e. for -1 < η <0) and except in close proximity to the channel centre line (η = 0) is negative for the majority of the region in the upper half of the channel (i.e. for 0.2 < η < 1). An increase in inclination, θ, from 0 to π/6 (30 degrees to the vertical rotation axis) initially increases primary flow velocity, u 1 ; however with a subsequent increase in inclination to π/4 (45 degrees) and then π/3 (60 degrees), the primary velocity is infact reduced.
Inspection of
In Figure 2 (b) a different response is observed for the secondary flow velocity; for the transverse magnetic field case (i.e. the case of a magnetic field aligned with the y-axis, θ = 0) the primary velocity in the lower half of the channel is minimized; however only for this scenario is there no backflow throughout the width of the channel (the θ = 0 profile remains positive for all η). With an increase in inclination from to π/6 the secondary flow velocity rises at the lower section of the channel and then increases again for θ = π/4; however with subsequent increase in inclination to π/3, secondary velocity is reduced a trend sustained with the highest inclination i.e. for the case of the aligned magnetic field (θ = π/2). Secondary backflow (i.e. flow reversal) does not occur for θ = π/2; however for all other intermediate inclinations flow reversal is caused in upper sections of the upper halfspace of the channel (0.4 < η <1). Therefore we conclude that flow is maximized in the lower halves of the channel section for both primary and secondary distributions; for the former the maximum response is achieved for θ = π/6; for the latter it is attained for θ = π/4. The worst case i.e. most deceleration of the flow is attained again in the lower channel section for both primary and secondary regimes for θ = π/3 and θ = 0; the practical implications of these deductions are important in operational conditions of rotating MHD induction devices. (Fig. 3a) is complex in that although the minimal velocity in the lower sections of the channel corresponds to the weakest rotation case ( 2 K = 2) and is infact negative for -1 < η < -0.65, a completely opposite response is observed in the upper channel half space where the velocity is maximum for this value of 2 K . As such an undulating profile is computed throughout the channel width. An increase in 2 K to 4 accelerates significantly the primary flow in the lower channel half space (-1 < η <0) which becomes positive throughout this range, peaking in the vicinity of η = -0.7 after which it descends gradually becoming negative (back flow onset) at η ~0.3 and attaining the minimum at η ~0.75. With further increase in 2 K to 6, the primary flow is however strongly decelerated in the lower channel but less so in the upper channel half space. The parameter, 2 K , is an inverse Ekman number. It expresses the ratio of Coriolis force to viscous force. Increasing Coriolis force sucks momentum away from the positive longitudinal direction and this is channeled into the negative x-direction (a "tornado effect") and also spread laterally into the direction normal to the x-axis in the horizontal plane i.e. the z-direction. As a result the secondary flow will be accelerated at the channel centre i.e. η = 0 although only up to a critical point. Inspection of Figure 3b indeed confirms this where we observe that the channel centerline velocity is boosted from 0.12 for As such the results indicate that primary flow can be inhibited in an MHD rotating induction system at the channel centre, with increasing the rotational velocity of operation, whereas secondary flow can be enhanced, although in the latter case, only up to an optimum level after which the further increase in rotational velocity is counter-productive. For the case of inclined magnetic field (θ = π/4), Figures 4(a) and (b) we observe that primary velocity, is further reduced at the channel centre with inclination of the applied field. The primary flow is therefore both reduced by increasing rotational velocity, Ω, and also by inclination of the field, θ. Secondary flow (Figure 4(b) ) however is further boosted by inclination of the applied magnetic field; values of w 1 increase at the channel centre for K 2 = 4 from 0.15 approximately to 0.22. Converse to the case for θ = 0, there is a backflow induced in the secondary flow with θ = π/4, but this is restricted to the lowest part of the channel for K 2 = 2 and to the uppermost regions of the channel for K 2 = 4 and 6. For the vast majority of the channel width however secondary flow reversal is not instigated.
The effects of the free convection parameter i.e. Grashof number (G) on u 1 and w 1 , again for the inclined applied magnetic field case (H 0 at 45 degrees to the y-axis) are presented in Figures 5(a) and (b) . The effects of an increase in the free convection parameter on u 1 and w 1 , indicate that an increase in G has no effect on the velocity values at the channel centre which remain fixed at 0.04 and 0.21, respectively. However throughout the channel domain, especially in the vicinity of the plates (η = ± 1) a substantial change in velocities is observed. For the forced convection case (G = 0) velocities are significantly lower in the primary flow throughout the channel width, although backflow never occurs. The profile for this case is a flattened plateau across the channel width. With a rise in G to 2 (free convection), primary velocity is boosted in the lower half of the channel but decreases in the upper half of the channel, leading to significant flow reversal in the latter regime. This trend is maintained with further rise in G to 4 and maximized with the largest value of G = 6. Primary flow is therefore increasingly accelerated in the lower half section of the channel with the cooling of the plates by free convection currents which adds thermal energy to the fluid regime (G > 0); it is consistently decelerated in the upper half region of the channel. Secondary flow is also significantly enhanced in the lower half of the channel with a rise in G from 0 through 2, 4 to 6; reversal does occur in the secondary flow but this is confined to the uppermost section of the channel and is again intensified with an increase in G. Magnitudes of the secondary velocity, w 1 are consistently greater for all G compared with the primary velocity. Increasing free convection effects therefore strongly accelerate primary and secondary flows in the lower channel half space but decelerate these velocities in the upper channel half space. The peak primary velocity across the channel width however does not arise at the centre but again as in the earlier figures, at η ~ -0.65. A similar trend occurs for the secondary flow velocity at the channel centre, however the magnitudes of velocity are much larger in the lower channel half space for secondary flow since the Hall current effect is strongly associated with secondary flow in magnetohydrodynamics. Conversely the backflow velocities for the primary flow are much greater in the upper channel half space than for the secondary flow. We also note that backflow is initiated closer to the channel centre line for m = 1.5 for primary flow then for the secondary flow.
Figures 7 to 11 illustrate the variation of primary and secondary induced magnetic field components (H x , H z ) with all key parameters in the model. In Figure 7 (a) we observe that the primary induced magnetic field component, H x is strongly decreased with an increase in the inclination of the applied magnetic field, θ. For θ = 0, π/6 values are positive only for a short range (-1 < η < -0.6); for θ = π/4, π/3, values are always negative. A reversal in the primary magnetic field lines is therefore induced with increasing inclination of magnetic field. This trend is sustained throughout the upper half space of the channel for all values of θ. Secondary induced magnetic field component, H z , (Figure 7(b) ) however remains positive in the lower half of the channel (-1.0 < η < 0) for all θ and positive for the entire channel width for θ = π/3, θ = π/4. H z , is consistently increased with a rise in θ. Magnetic field reversal is caused only for θ = 0, π/6 in the upper half space of the channel. Peak secondary induced magnetic field component therefore arises for θ = π/4 at η ~ -0.7 and the minimal H z value occurs for θ = 0 at η ~ 0.5. Figures 8(a) and (b) show that an increase in rotation parameter, K (Figure 10(b) ); for pure forced convection (G = 0) secondary induced magnetic field is always positive throughout the channel width. For G > 0, H z is however completely positive only in the lower channel half space. Flux reversal is produced for G = 6, 4, 2 for η > 0.15, η > 0.21 and η > 0.55, respectively. Effectively free convection currents therefore aid the secondary magnetic induction field (mainly in the lower channel half) but inhibit the primary magnetic induction field throughout the channel.
Finally Figures 11(a) and (b) indicate that the presence of Hall current (m) sustains a decrease in the primary induced magnetic field component, H x ; magnetic line reversal is consistently caused even without Hall current but the effect is amplified in the absence of Hall current (m = 0) for which the least value of H x (Figure 11(a) ) is observed to fall to -0.05 at η = 0.7. On the other hand, secondary induced magnetic field component, H z is reversed only with Hall current absent (m = 0); for m > 0, values are always positive. Therefore the Hall current assists the secondary magnetic induction but opposes the primary magnetic induction. We note that the Figures 11(a) and (b) correspond to the inclined applied magnetic field case of θ = π/4. In Tables 1 to 6 the critical Grashof number as computed in Equations (38) and (40) has been evaluated for various values of the thermophysical parameters for both the primary and secondary flow fields. We note that the critical Grashof number for the primary flow, as defined by Table 1 to be consistently lowered with increasing inclination of the magnetic field, θ. With a rise in m, for each inclination angle Table 1 shows that G cx is progressively also generally decreased, and the trend for variation with θ for a given m, also remains the same. There is no effect on G cx for θ = π/2 for any value of m, as discussed earlier. Table 2 shows that G cx is reduced both with a rise in K 2 and also with a rise in m value. Increasing angular velocity of rotation and Hall current therefore reduces the threshold for G cx . Table 3 indicates that again with increasing rotation parameter, K 2 , and applied magnetic field (H 0 ) inclination, θ, G cx is gradually lowered. The least value of G cx therefore corresponds to the case of strong rotation (K 2 = 6) and an applied magnetic field aligned with the positive x-direction (θ = π/2).
In Tables 4 to 6 , the critical Grashof number for the secondary flow, as defined by (40) at which the shear stress due to the secondary flow will vanish at the lower plate (η = -1), is tabulated for various combinations of θ , m and K
2
. As with the primary flow, an increase in inclination, θ for a given m, strongly reduces the value of G cz . An increase in m also reduces G cz values for any inclination. Similarly G cz values reduce also with an increase in m and K 2 .
Conclusions
Asymptotic and complex variable solutions have been derived for the rotating, magnetohydrodynamic free and forced convection flow in a parallel plate channel with Hall currents and inclined magnetic field present. Damping behaviour and critical behaviour have been examined. Our results have indicated that generally Hall currents boost secondary flow and inhibit primary flow; rotation also inhibits primary flow. Increasing Grashof number (free convection) assists the secondary magnetic induction field but opposes development of the primary magnetic induction field. Increasing inclination of the applied magnetic field also serves to inhibit primary flow but aids the secondary flow. The present model finds useful applications in for example hybrid designs for the MHD induction motor. However only Newtonian effects have been examined for steady state flow. Future investigations will extend the current work to consider micropolar [40, 41] and viscoelastic [42, 43] nonNewtonian fluids and also transient effects [44] .
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